Rationality of Some Projective Linear Actions  by Ahmad, Hamza et al.
Ž .Journal of Algebra 228, 643]658 2000
doi:10.1006rjabr.2000.8292, available online at http:rrwww.idealibrary.com on
Rationality of Some Projective Linear Actions
Hamza Ahmad
Department of Mathematics, United Arab Emirates Uni¤ersity,
Al-Ain, United Arab Emirates
Mowaffaq Hajja
Department of Mathematics, Yarmouk Uni¤ersity, Irbid, Jordan
and
Ming-chang Kang1
Department of Mathematics, National Taiwan Uni¤ersity, Taipei, Taiwan,
Republic of China
Communicated by Walter Feit
Received November 6, 1998
Let K be any field which may not be algebraically closed, V a finite-dimensional
Ž .vector space over K, s g GL V where the order of s can be finite or infinite.
Ž .²s : Ž Ž ..²s :THEOREM. If dim V F 3, then both K V and K P V are rationalK
Ž .s purely transcendental over K. Similar results hold for a cyclic affine action.
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1. INTRODUCTION
w xLet K be any field, V a finite-dimensional vector space over K, K V
Ž .the coordinate ring of V over K, and K V the function field of V over K.
Specifically, if x , x , . . . , x is a basis of V *, the dual space of V, then1 2 n
w x w xK V s K x , . . . , x the polynomial ring of n variables over K, and1 n
Ž . Ž . w x Ž .K V s K x , . . . , x the quotient field of K x , . . . , x . If P V denotes1 n 1 n
1 The third-named author is partially supported by the National Science Council of the
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Ž Ž ..the projective space associated to V, then K P V is defined as the
Ž . Ž .subfield K x rx , x rx , . . . , x rx of K V .1 n 2 n ny1 n
Ž .Suppose that G is a subgroup of GL V . Then G induces an action on
w x Ž . Ž Ž ..V *; and hence G acts on K V , K V , and K P V also. The main
problem of this paper is to study under what situations the fixed fields
Ž .G Ž Ž ..G Ž .K V and K P V will be rational s purely transcendental over K.
The rationality problem has been investigated extensively in the litera-
ture. However, in most cases, it is assumed that K is algebraically closed
and G is either a finite group or a connected semi-simple Lie group. For
example, it is known that
Ž w x.THEOREM 1.1 Fischer F . Suppose that G is a finite abelian group and
< <K is an algebraically closed field such that either char K s 0 or char K ƒ G .
Ž .GThen K V is rational o¤er K.
Ž w x. Ž .GTHEOREM 1.2 Saltman S . There is a finite p-group G such that C V
Ž .is not rational o¤er C where G “ GL V is the regular representation of G
o¤er C.
² :On the other hand, suppose that G s s is a finite cyclic group such
Ž .that s sends the basis x , . . . , x of V * cyclically, i.e., s x s1 n 1
Ž . Ž .x , . . . , s x s x , s x s x . If K s Q and n is equal to, for in-2 ny1 n n 1
Ž .²s : w xstance, 8, 47, or 113, then Q V is not rational over Q Sw1, Vo2, L . In
fact, the above results are the well-known counterexamples to Noether’s
problem on rationality. For a survey of this famous problem, see Swan’s
w x 3paper Sw2 . As to the rationality problem of finite group action on C P ,
w xwe refer to the paper of Kolpakov-Miroshnichenko and Prokhorov KP .
In this paper we shall not restrict ourselves to the case that G is a finite
group as have the various results mentioned before. Nor shall we assume
that K is algebraically closed. In particular, we shall prove the following
theorems.
² : Ž .GTHEOREM 1.3. If G s s and dim V F 3, then both K V andK
Ž Ž ..GK P V are rational o¤er K. Moreo¤er, if G acts diagonally on V [ ??? [ V
Ž . Ž .Gand G and V are the same as before , then both K V [ ??? [ V and
Ž Ž . Ž . Ž ..GK P V = P V = ??? = P V are rational o¤er K.
² : Ž .THEOREM 1.4. If G s s acts on K x , . . . , x , y , . . . , y by1 n 1 m
s x s a x q b r c x q d , s y s a y q b r c y q d ,Ž . Ž . Ž . Ž .Ž . Ž .j 1 j 1 1 j 1 k 2 k 2 2 k 2
where 1 F j F n, 1 F k F m, a , b , c , d g K, and a d y b c / 0 fori i i i i i i i
Ž .G1 F i F 2, then K x , . . . , x , y , . . . , y is rational o¤er K.1 n 1 m
In case K is algebraically closed, it is easy to establish the following
result whose proof is omitted.
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THEOREM 1.5. Let K be an algebraically closed field and V a finite-dimen-
Ž . Ž . Ž .²s :sional ¤ector space o¤er K. 1 If s g GL V , then both K V and
Ž Ž ..²s : Ž .K P V are rational o¤er K. 2 If s is an affine automorphism on
Ž .²s :K [ V, then K V is rational o¤er K also.
Ž .²s :In view of the above Theorem 1.5, note that Q x , x , x , x is not1 2 3 4
rational over Q where
s : x ‹ x ‹ x ‹ x ‹ yx .1 2 3 4 1
We shall indicate a proof of this fact in Example 2.3. Thus the assumption
that dim V F 3 in Theorem 1.3 is necessary. On the other hand, it seemsK
Ž wunhelpful to apply the Castelnuovo]Zariski Theorem see Z; N, Exercise
x. Ž Ž ..GA.2, p. 133 directly to obtain the rationality of K P V in Theorem 1.3
Ž .Gand that of K x, y in Theorem 1.4, because the assumption that K is
algebraically closed is crucial in the Castelnuovo]Zariski Theorem. We
would rather regard Theorems 1.3 and 1.4 as providing answers about the
rationality for some cases which are not accessible directly through the
Castelnuovo]Zariski Theorem. We remark that the answer to the case
dim V s 4 is far from complete even if we assume that G is a non-cyclicK
w xfinite group and K is the complex number field KP .
This paper is organized as follows. We recall several basic facts in
Section 2. In Section 3 we develop some reduction theorems when working
on a rationality problem. For example, the rationality problem of a linear
automorphism can be reduced to that of a projective linear one. In some
Ž .²s : ²s :situations, the rationality of L x can be reduced to that of L where
the action of s on L is non-trivial. Similarly, the rationality of a cyc-
lic affine action can be reduced to that of cyclic linear actions. The
main results of this paper, i.e., Theorems 1.3 and 1.4, are established in
Section 4.
Standing Notations
Throughout this paper, K is understood to be a field; for emphasis, it is
unnecessary to assume that K is algebraically closed or char K s 0, unless
otherwise specified. V is an n-dimensional vector space over K ; if x , . . . , x1 n
is a basis of V *, the dual space of V, then
w x w xK V s K x , . . . , x , the polynomial ring of n variables over K,1 n
Ž . Ž .K V s K x , . . . , x , the rational function field of n variables over1 n
K,
Ž Ž .. Ž .K P V s K x rx , x rx , . . . , x rx , the rational function field1 n 2 n ny1 n
of n y 1 variables over K.
Ž . Ž .If G is a subgroup of GL V or G “ GL V is a linear representation,
Ž .then G acts on V. Therefore G induces K-linear actions on V *, K V , and
AHMAD, HAJJA, AND KANG646
Ž Ž ..K P V , respectively. Note that it is unnecessary to assume that G is a
Ž .finite group. Similarly, if G is a subgroup of GL K , we may regard thatn
G acts on some vector space [n K ? x over K.is1 i
Finally, we recall that a finitely generated extension field L over K is
called rational over K if L is purely transcendental over K.
2. PRELIMINARIES
First of all we recall a form of Luroth’s Theorem to be used later.¨
Ž w x.THEOREM 2.1 Luroth’s Theorem N, Theorem 3.12.2, p. 122 . Let K be¨
Ž .any field, K x , . . . , x the rational function field of n ¤ariables o¤er K.1 n
Ž .Suppose that L is a field such that K ; L ; K x , . . . , x and trans deg L1 n K
s 1. Then L is rational o¤er K.
Remark. In most literature the content of Luroth’s Theorem is re-¨
w xstricted to the case n s 1 or K is an infinite field Sc, Theorem 3, p. 9 .
wHowever, the general case can be achieved by applying N, Lemma 3.A.2,
x w xp. 125 or a result of general projections due to Ohm O .
w xThe following result is implicit in the course of the proof of H2 . We
reformulate it as follows.
Ž w x. Ž .THEOREM 2.2 Hajja H2, Theorem 2 . Let K be any field, K x , . . . , x1 n
the rational function field of n ¤ariables o¤er K, and F an affine K-automor-
Ž .phism on K x , . . . , x defined by1 n
F xŽ . bx1 11
bF xŽ . x 22 2
[ s q .. . .. . .. . 0  0 0 x bF x nŽ . nn
Ž .for some s g GL K and b g K for 1 F i F n. Then there exist y , . . . , yn i 1 n
Ž . Ž .such that K x , . . . , x s K y , . . . , y and one of the following three possi-1 n 1 n
bilities holds,
Ž .i
F yŽ . y1 1
F yŽ . y2 2s t. .. .. . 0 0 yF y nŽ .n
Ž .for some t g GL K ;n
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Ž . Ž .ii char K s 0, and for some u g GL Kny1
F yŽ . y1 1
F yŽ . y2 2s u ,. .. .. . 0 0 yF y ny1Ž .ny1
F y s y q 1;Ž .n n
Ž . Ž .iii char K s p ) 0, and for some ¤ g GL K where r is someny r
power of p,
F yŽ . y1 1
F yŽ . y2 2s ¤ ,. .. .. . 0 0 yF y ny rŽ .ny r
F : y ‹ y ‹ y ‹ ??? ‹ y ‹ y q 1.ny rq1 nyrq2 nyrq3 n nyrq1
EXAMPLE 2.3. Let s be the automorphism
s : x ‹ x ‹ x ‹ x ‹ yx1 2 3 4 1
Ž . Ž .²s :acting on Q x , x , x , x . Then Q x , x , x , x is not rational over1 2 3 4 1 2 3 4
Q.
Ž .Consider the Q-automorphism s acting on Q y , . . . , y defined by1 8
s : y ‹ y ‹ y ‹ ??? ‹ y ‹ y .1 2 3 8 1
Since the characteristic polynomial of s as a linear transformation is
8 Ž 4 .Ž 4 .T y 1 s T q 1 T y 1 , we can find a basis x , x , x , x , z , z , z , z1 2 3 4 1 2 3 4
for the vector space [8 Q ? y such that the characteristic polynomials ofis1 i
the restrictions of s to [4 Q ? x and [4 Q ? z are T 4 q 1 andis1 i is1 i
T 4 y 1, respectively, and the action of s is given by
s : x ‹ x ‹ x ‹ x ‹ yx , z ‹ z ‹ z ‹ z ‹ z .1 2 3 4 1 1 2 3 4 1
w x Ž .²s :By EM, Proposition 1.1; HK2, Theorem 1 , Q y , . . . , y is rational1 8
Ž .²s :over Q provided that Q x , x , x , x is rational over Q. Since1 2 3 4
Ž .²s : wQ y , . . . , y is not rational over Q by a result of Voskresenskii Vo2,1 8
x Ž .²s :L , thus Q x , . . . , x is not rational over Q.1 4
Similarly, define u , . . . , u by1 8
u [ y ry , u [ y ry , u [ y ry , u [ y ry ,1 1 5 2 2 6 3 3 7 4 4 8
u [ y q y , u [ y q y , u [ y q y , u [ y q y .5 1 5 6 2 6 7 3 7 8 4 8
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Ž . Ž .Then Q y , . . . , y s Q u , . . . , u and s : u ‹ u ‹ u ‹ u ‹ 1ru ,1 8 1 8 1 2 3 4 1
w xu ‹ u ‹ u ‹ u ‹ u . Apply EM, Proposition 1.1; HK2, Theorem 1 .5 6 7 8 5
Ž .²s :We conclude that Q u , u , u , u is not rational over Q where the1 2 3 4
action of s is the purely monomial automorphism
s : u ‹ u ‹ u ‹ u ‹ 1ru .1 2 3 4 1
On the other hand, if we define
¤ [ x rx , ¤ [ x rx , ¤ [ x rx , ¤ [ x ,1 1 2 2 2 3 3 3 4 4 4
Ž . Ž . Ž .then Q x , . . . , x s Q ¤ , . . . , ¤ and s : ¤ ‹ ¤ ‹ ¤ ‹ y1r ¤ ¤ ¤ ,1 4 1 4 1 2 3 1 2 3
w x¤ ‹ ¤ ¤ ¤ ¤ . Apply EM, Proposition 1.1; HK2, Theorem 1 . We con-4 1 2 3 4
Ž .²s :clude that Q ¤ , ¤ , ¤ is not rational over Q where the action of s is1 2 3
the monomial automorphism
s : ¤ ‹ ¤ ‹ ¤ ‹ y1r ¤ ¤ ¤ .Ž .1 2 3 1 2 3
We include in the following a lemma which is of an elementary nature
but is difficult to locate in the literature. The proof is omitted.
Ž .LEMMA 2.4. Let L be any field and G a subgroup of Aut L , the
w G xautomorphism group of L. Then G is a finite group if and only if L : L is
finite.
3. SOME REDUCTION THEOREMS
w xThe following Theorem 3.1 is due to Miyata M and Proposition 3.2 may
be obvious from some geometric viewpoint if we assume K s C. However,
it seems worthwhile to single out Proposition 3.2 when K is a field without
any restriction. We thank the referee who pointed out Theorem 3.1 to us.
Ž .THEOREM 3.1. Let L be any field, L x the rational function field of one
Ž .¤ariable o¤er L, and G a group of automorphisms acting on L x . Suppose
Ž . Ž .  4that, for any s g G, s L ; L, s x s a ? x q b for some a g L _ 0s s s
Ž .G G GŽ Ž .. Ž . w xand b g L. Then L x s L or L f x for some polynomial f x g L xs
with positi¤e degree. In particular, if LG is rational o¤er some subfield K, so is
Ž .GL x o¤er K.
w x Ž .Proof. In the proof of M, Lemma, pp. 70]71 , it was proved that i the
w xG Ž .G Ž . w xG G Gw Ž .xquotient field of L x is equal to L x , and ii L x s L or L f x
Ž . w xfor some polynomial f x g L x with positive degree.
PROPOSITION 3.2. Let K be any field, V a finite-dimensional ¤ector space
Ž . Ž Ž ..Go¤er K, and G any subgroup of GL V . If K P V is rational o¤er K, then
Ž .GK V is rational o¤er K also.
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Ž .Proof. Let x , . . . , x be a base of the dual space of V. Then K V s1 n
Ž . Ž Ž .. Ž .K x , . . . , x , K P V s K x rx , x rx , . . . , x rx . For any s g G,1 n 1 n 2 n ny1 n
Ž . n Ž .if s x s Ý a x , then s x s a x where a [ a qj is1 i j i n s n s n n
ny1Ž . Ž Ž ..Ý a x rx g K P V . Now we can apply Theorem 3.1 with L sis1 in i n
Ž Ž ..K P V and x s x .n
Ž .THEOREM 3.3. Let K be any field, K x , . . . , x the rational function1 n
field of n ¤ariables o¤er K and G a group of K-automorphisms acting on
Ž . Ž . Ž . Ž .K x , . . . , x . Suppose that, for each s g G, s x s a s ? x q b s1 n i i i i
Ž .  4 Ž . Ž .where a s g K _ 0 and b s g K x , x , . . . , x . Theni i 1 2 iy 1
Ž .GK x , . . . , x is rational o¤er K. In particular, if the action is affine, i.e.,1 n
Ž . Ž .Gb s g K for each s g G and for 1 F i F n, then K x , . . . , x is ratio-i 1 n
nal o¤er K.
Proof. Using induction on n, when n s 1, Lemma 2.4 and Theorem 2.1
take care of this case. When n G 2, apply Theorem 3.1.
Remark. The above theorem was established by Vinberg when char K
w x w xs 0 V; PV, pp. 162]164 , and by Hajja and Kang HK1, Theorem 1 . In
Ž .the linear case, i.e., b s s 0 for each s g G and for 1 F i F n, thisi
Ž .provides a generalization of Fischer’s Theorem i.e., Theorem 1.1 when
the group G is not necessarily finite.
THEOREM 3.4. Let K be any field, V a finite-dimensional ¤ector space o¤er
Ž .K and G any subgroup of GL V . Assume that one of the following three
conditions is ¤alid,
Ž .i dim V F 2,K
Ž .ii dim V s 3 and K is algebraically closed,K
Ž .iii dim V s 4, char K s 0, K is algebraically closed, and the imageK
Ž .of the induced projecti¤e representation G “ PGL V is infinite, e. g., G is
 4infinite and s g G : s s l ? id for some l g K is a finite subgroup of G.s s
Ž .G Ž Ž ..GThen both K V and K P V are rational o¤er K.
Ž . Ž . w xProof. Parts i and ii are due to Miyata M, Theorem 2 .
Ž .It remains to prove iii . By Proposition 3.2, it suffices to establish the
Ž Ž ..Grationality of K P V .
Ž .Suppose that the image of G “ PGL V is infinite. Then trans deg K
Ž Ž ..G w x ŽK P V F 2. Thus we may apply Z; N, Exercise A.2, p. 133 or
Ž Ž ..G .Theorem 2.1 if trans deg K P V F 1 .K
The following lemma will enable us to reduce the rationality problem to
affine automorphisms to that of linear automorphisms.
Ž .LEMMA 3.5. Let K be any field, K x , . . . , x the rational function field1 n
Ž .of n ¤ariables o¤er K, and s , s g GL K . Define K-automorphisms s andn
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Ž .F on K x , . . . , x by1 n
s x F xŽ . Ž . bx x1 1 11 1
bs x F xŽ . Ž .x x 22 22 2
[ s , [ s q ,.. .. . .. .. . .. .. . 0  0  0 0  0x x bs x F xn nŽ . Ž . nn n
Ž .²s :where b g K for 1 F i F n. If K x , . . . , x is rational o¤er K for alli 1 n
Ž . Ž .²F:s g GL K , then K x , . . . , x is rational o¤er K also. In short, then 1 n
rationality of cyclic affine transformations with a fixed dimension can be
reduced to that of cyclic linear transformations for the same and lower
dimensions.
Ž .Proof. By Theorem 2.2, the action of F on K x , . . . , x can be1 n
simplified to one of three standard forms. The first standard form is linear
Ž .²s :and its rationality is guaranteed by that of K x , . . . , x . The second1 n
standard form is the case where char K s 0 and the action is linear in
codimension one; this case is taken care of by the rationality of
Ž .²s :K x , . . . , x plus Theorem 3.1. It remains to solve the third stan-1 ny1
dard form.
Thus we may assume that char K s p ) 0 and that there exist a power
Ž . Ž .of p, denoted by k, and s g GL K , y , . . . , y g K x , . . . , x suchnyk 1 n 1 n
that
i K x , . . . , x s K y , . . . , yŽ . Ž . Ž .1 n 1 n
F yŽ . y1 1
F yŽ . y2 2ii s s ,Ž . . .. .. . 0 0 yF y nykŽ .nyk
F : y ‹ y ‹ ??? ‹ y ‹ y q 1.nykq1 nykq2 n nykq1
It is not difficult to verify that
² p k: ² p k:F FK y , . . . , y s K y , . . . , y y , . . . , y .Ž . Ž . Ž .1 n 1 nyk nykq1 n
Let
m [ min h : 1 F h F pk and the restriction of F h to½
² p k:FK y , . . . , y is the identity automorphism .Ž . 51 nyk
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Note that m is also a power of p and
² m: p k ² m:² :F FFK y , . . . , y s K y , . . . , y ? K y , . . . , yŽ . Ž . Ž .1 n 1 nyk nykq1 n
² m: ² m:F Fs K y , . . . , y ? K y , . . . , y .Ž . Ž .1 nyk nykyq1 n
² : Ž .Since the action of F on K y , . . . , y is a p-group affine action,nykq1 n
from the Jordan normal form of the associated linear part, this action can
be transformed to a triangular affine automorphism by an affine change of
variables for y , . . . , y . By Theorem 3.1, we find thatny kq 1 n
Ž .²F m: Ž .K y , . . . , y s K z , z , . . . , z and the action of F on K qnykq1 n 1 2 k
Ýk K ? z is an affine transformation.js1 j
w xNow apply EM, Proposition 1.1; HK2, Theorem 1 . We find u , . . . , u1 k
Ž .²F m:Ž . Ž .²F m:g K y , . . . , y z , . . . , z such that K y , . . . , y1 nyk 1 k 1 nyk
Ž . Ž .²F m:Ž . Ž .z , . . . , z s K y , . . . , y u , . . . , u and F u s u for 1 F i F1 k 1 nyk 1 k i i
k. Hence we get
² :Fm² : ² :F FK y , . . . , y s K y , . . . , y z , . . . , zŽ . Ž . Ž .½ 51 n 1 nyk 1 k
² :Fm² :Fs K y , . . . , y u , . . . , uŽ . Ž .½ 51 nyk 1 k
² :Fs K y , . . . , y u , . . . , uŽ . Ž .1 nyk 1 k
² :ss K y , . . . , y u , . . . , u .Ž . Ž .1 nyk 1 k
Ž .²F:Thus the rationality of K y , . . . , y is reduced to that of1 n
Ž .²s :K y , . . . , y .1 nyk
4. THE MAIN RESULTS
THEOREM 4.1. Let K be any field, V a finite-dimensional ¤ector space o¤er
K.
Ž . Ž . Ž .²s :i If dim V F 3 and s g GL V , then both K V andK
Ž Ž ..²s :K P V are rational o¤er K.
Ž . nii If V * s [ K ? x is n-dimensional with n F 3 and F is a K-auto-i i
morphism defined by
F xŽ . bx1 11
bF xŽ . x 22 2s s q .. . .. . .. . 0  0 0 x bF x nŽ . nn
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Ž . Ž .²F:for some s g GL K , b g K for 1 F i F n, then K V is rational o¤ern i
K.
Ž . Ž .Proof. By Lemma 3.5, ii follows from i . By Proposition 3.2, the
Ž .²s : Ž Ž ..²s :rationality of K V follows from that of K P V . Thus it suffices to
Ž Ž ..²s :establish the rationality of K P V when dim V s 3.K
Ž .Now regard s as a linear transformation on V and let f T be its
characteristic polynomial. Note that deg f s 3.
Ž . w xCase 1. f T g K T is reducible.
Ž .We can find a basis y , y , y for V * such that s y s l y for some1 2 3 3 3
 4 Ž Ž .. Ž .l g K _ 0 . Thus K P V s K y ry , y ry and the action of s on1 3 2 3
Ž . Ž .K q K ? y ry q K ? y ry is affine. By Lemma 3.5 and Theorem 3.4,1 3 2 3
Ž Ž ..²s :K P V is rational over K.
Ž . w xCase 2. f T g K T is irreducible and is not a separable polynomial.
Ž . 3In this case, it is necessary that char K s 3 and f T s T y a for some
 4a g K _ 0 .
Use the rational canonical form of s . We may find a basis x , x , x of1 2 3
Ž . Ž . Ž .V * such that s x s x , s x s x , s x s ax .1 2 2 3 3 1
Ž Ž .. Ž . Ž .Define u [ x rx , ¤ [ x rx . Then K P V s K u, ¤ and s u s ¤ ,2 1 3 2
Ž . Ž . Ž Ž ..²s : w xs ¤ s ar u¤ . Hence K P V is rational by H1 .
Ž . w xCase 3. f T g K T is irreducible and separable.
 ² : Ž .4Let G9 [ Image G s s “ PGL V . We still denote the generator
of G9 by s .
Ž Ž ..G Ž Ž ..G9If G9 is an infinite group, then K P V s K P V is of transcen-
Ž Ž ..Gdence degree F 1 over K by Lemma 2.4. Thus K P V is rational over
K by Theorem 2.1.
Ž .From now on we shall assume that G9 is a finite group, i.e., ord s - ‘
Ž Ž ..on K P V .
Ž . Ž .Let L s K a , a , a be the splitting field of f T s 0 over K where1 2 3
Ž . Ž .Ž .Ž .f T s T y a T y a T y a . Let P be the Galois group of L over1 2 3
< <K. Then P s 3 or 6. We write
² : < <t if P s 3,
P s ½ ² : < <t , r if P s 6,
where
t : a ‹ a ‹ a ‹ a ,1 2 3 1
r : a ‹ a ‹ a , a ‹ a .1 2 1 3 3
Ž .Since f T is irreducible, from the rational canonical form of s we
 4 Ž . 2Ž .know that there is a vector ¤ g V * _ 0 such that ¤ , s ¤ , s ¤ form a
basis of V *.
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Within V * m L defineK
x [ s y a s y a ¤ ,Ž . Ž . Ž .1 2 3
x [ s y a s y a ¤ ,Ž . Ž . Ž .2 1 3
x [ s y a s y a ¤ .Ž . Ž . Ž .3 1 2
Then
s x s a x for 1 F i F 3,Ž .i i i
and
3
V * m L s L ? x .[K i
is1
We shall extend the actions of s and P to V * m L as follows: for anyK
Ž . Ž . Ž .b g L, s b s b ; for any v g V *, t v s v, r v s v.
Ž .Note that st s ts and sr s rs on K V m L , andK
t x s t s y a s y a ¤Ž . Ž . Ž . Ž .1 2 3
s s y a t s y a ¤Ž . Ž . Ž .3 3
s s y a s y a t ¤Ž . Ž . Ž .3 1
s x .2
Similarly, we find that
t : x ‹ x ‹ x ‹ x ,1 2 3 1
r : x ‹ x ‹ x , x ‹ x .1 2 1 3 3
Ž Ž .. Ž Ž ..Define u [ x rx , ¤ [ x rx . Then K P V m L s L P V m L s2 1 3 2 K K
Ž .L u, ¤ . Note that
s : u ‹ a ra u , ¤ ‹ a ra ¤ ,Ž . Ž .2 1 3 2
t : u ‹ ¤ ‹ 1r u¤ ,Ž .
r : u ‹ 1ru , ¤ ‹ u¤ .
Since G9 is a finite group, it follows that both a ra and a ra are2 1 3 2
Ž .²s :roots of unity. By Theorem 3.1, L u, ¤ is rational over L. In fact, let F
be the homomorphism of abelian groups defined by
2  4F : Z “ L _ 0
1, 0 ‹ a ra ,Ž . 2 1
0, 1 ‹ a ra .Ž . 3 2
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The kernel of F is a free abelian group of rank two because
² : Ž . Ž .a ra , a ra is a finite group. Let a, b , c, d be the basis of the2 1 3 2
Ž .²s : Ž . a b c dkernel of F. Then L u, ¤ s L U, V where U [ u ¤ , V [ u ¤ .
Note that
² :sP² :sK P V s L P V m LŽ . Ž .Ž . Ž .½ 5K
P² :ss L P V m LŽ .Ž½ 5K
P² :ss L u , ¤Ž . 4
Ps L U, V .Ž .
 m n 4Since u ¤ : m, n, g Z is invariant under the action of P, thus
Ž . Ž . Ž . Ž . Ž .  m n 4t U , t V , r U , r V g L U, V l u ¤ : m, n g Z . It follows that
Ž . Ž . Ž . Ž . p qt U , t V , r U , r V are of the form U V for so me p, q g Z.
Since P is the Galois group of L over K and the action of P on U and
Ž .PV is of the above type, it follows that L U, V is the function field of
Ž P .some two-dimensional algebraic torus defined over K s L and split by
L. Since any two-dimensional algebraic torus is rational by Voskresenskii’s
w x Ž .PTheorem Vo1 , it follows that L U, V is rational over K.
THEOREM 4.2. Let K, V, s , x , . . . , x , F be the same as in Theorem 4.1.1 n
Ž .i Take finitely many copies V , V , . . . , V of V and define the action1 2 m
of s on V in the same way as that on V. If dim V F 3, then bothi K
Ž .²s :  Ž Ž .. Ž Ž .. Ž Ž ..4²s :K V [ V [ ??? [ V and K P V ? K P V ??? K P V are1 2 m 1 2 m
Ž Ž . Ž Ž .. Ž Ž ..rational o¤er K where K P V ? K P V ??? K P V is the free join of1 2 m
Ž Ž ..these fields K P V for 1 F i F m.i
Ž . Ž j. Ž j. Ž j.ii Similarly, take finitely many copies x , x , . . . , x where 1 F j F1 2 n
m of x , . . . , x and define an action of F on K [ [n K ? x Ž j. in the same1 n is1 i
n Ž Ž j.way as that on K [ [ K ? x . If n F 3, then K x : 1 F i F n, 1 F jis1 i i
.²F:F is rational o¤er K.
w x Ž Ž .Proof. Use AHK, Theorem 4.1 to reduce the problem of K P V ?1
Ž Ž .. Ž Ž .. Ž Ž ..K P V ??? K P V to that of K P V and then apply Theorem 4.1.2 m
Note that the linear automorphism and the affine automorphism can be
regarded as special cases of some projective linear automorphisms. Hence
w xwe can also use AHK, Theorem 4.1 in these cases.
Ž .Theorem 4.3. Let K be any field, K x, y the rational function field of two
Ž .¤ariables o¤er K and s a K-automorphism acting on K x, y defined by
s x [ ax q b r cx q d , s y [ a9x q b9 r c9x q d9Ž . Ž . Ž . Ž . Ž . Ž .
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for some a, b, c, d, a9, b9, c9, d9 g K with ad y bc / 0 and a9d9 y b9c9 / 0.
Ž .²s :Then K x, y is rational o¤er K.
Ž . Ž . w xProof. Let f T , g T g K T be the characteristic polynomials of the
matrices
a b a9 b9and ,ž / ž /c d c9 d9
respectively.
Ž . Ž .Case 1. At least one of f T and g T is reducible.
Ž . Ž .Suppose that g T is reducible. Then all the eigenvalues of g T are in
K. By the same arguments as in Case 1 of the proof of Theorem 4.1 we can
Ž . Ž .find z g K y such that s z s a z q b for some a , b g K, a / 0. By1 1 1 1 1
Ž .²s : Ž .²s :Theorem 3.1 the rationality of K x, y s K x, z follows from that
Ž .²s : Ž .²s :of K x . But K x is clearly rational over K by Luroth’s Theorem.¨
Ž . Ž .Case 2. Both f T and g T are irreducible and purely inseparable.
Ž . 2 Ž .In this case, it is necessary that char K s 2 and f T s T y a , g T s1
2  4T y a for some a , a g K _ 0 .2 1 2
Argue the same way as in Case 2 of the proof of Theorem 4.1. We may
Ž . Ž .assume that s x s a rx, s y s a ry without loss of generality. It1 2
Ž .²s : w xfollows that K x, y is rational over K by H1 .
Ž . Ž .Case 3. Both f T and g T are irreducible separable polynomials in
w xK T .
We apply similar arguments as in Case 3 of the proof of Theorem 4.1.
Ž . Ž . Ž .Let L [ K a , a be the splitting field of f T g T s 0 over K where1 2
Ž . Ž .Ž . Ž . Ž .Ž .f T s T y a T y b , g T s T y a T y b . Let P denote the1 1 2 2
Galois group of L over K.
Ž . Ž . Ž .We can find u, ¤ g L x, y such that L x, y s L u, ¤ , and
s u s a rb u , s ¤ s a rb ¤ ,Ž . Ž . Ž . Ž .1 1 2 2
t u s u or uy1 , t ¤ s ¤ or ¤y1 for any t g P .Ž . Ž .
Let F be the homomorphism of abelian groups defined by
2  4F : Z “ L _ 0
1, 0 ‹ a rb ,Ž . 1 1
0, 1 ‹ a rb .Ž . 2 2
Then
² :s² : ² :s PK x , y s L x , yŽ . Ž . 4
P² :ss L u , ¤Ž . 4
Pm ns L u ¤ : m , n g Ker FŽ .Ž .
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is equal to K s LP or the function field of some one-dimensional or
two-dimensional algebraic torus defined over K and split by L. It is easy to
verify that any one-dimensional algebraic torus is rational. We may apply
w x Ž .²s :Vo1 again in the two-dimensional case. Thus K x, y is rational over
K.
Ž . Ž .Case 4. Both f T and g T are irreducible. But one of them is purely
inseparable and the other is separable.
Ž . 2 Ž . ŽWe have char K s 2. We may assume that f T s T y a, g T s T
.Ž .y a T y b is separable.
Ž . Ž . Ž .Let L [ K a be the splitting field of g T s 0, t g Aut L definedK
Ž .by t a s b.
Ž . Ž . Ž .We can find u, ¤ g L x, y such that L x, y s L u, ¤ , and
s u s aru, s ¤ s arb ¤ ,Ž . Ž . Ž .
t u s u , t ¤ s 1r¤ .Ž . Ž .
Ž .nCase 4.1. Suppose that arb / 1 for any n g Z.
Ž .  4 Ž l. l Ž .If w g L u _ 0 , l g Z such that s w¤ s w¤ , then s w s
Ž .y1 Ž .arb w. Should l / 0, then the order of s restricted to L w would be
Ž . Ž .infinite. However, since s u s aru, the order of s restricted to L u is
Ž . Ž .w xtwo! Hence l s 0. It follows that if f ¤ g L u ¤ is a polynomial with
Ž Ž .. Ž . Ž . Ž . Ž .²s : Ž .²s :s f ¤ s f ¤ , then f ¤ g L u . Therefore L u, ¤ s L u by
Theorem 3.1.
Now
² :s² : ² :s tK x , y s L x , yŽ . Ž . 4
² :t² :ss L u , ¤Ž . 4
² :t² :ss L uŽ . 4
² :s² :ts L uŽ . 4
² :ss K uŽ .
s K u q aru .Ž .Ž .
Case 4.2. Suppose that arb is a root of unity.
Ž .nLet n be the minimal positive integer such that arb s 1. Note that if
Ž .2 m Ž .mm is any positive integer with arb s 1, then arb s 1 because
char K s 2. Hence m G n.
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We find that
² :t² : ² :s sK x , y s L u , ¤Ž . Ž . 4
² :s , t2² :ss L u , ¤Ž . 4
² :s , tns L u , ¤ 4Ž .
² :t² :sns L u , ¤Ž . 4
² :tns L u q aru , ¤Ž .Ž .
is the function field of a one-dimensional algebraic torus defined over
Ž Ž ..K u q aru . Hence it is rational.
Ž .THEOREM 4.4. Let K be any field, K x , . . . , x , y , . . . , y the rational1 n 1 m
function field of n q m ¤ariables o¤er K, s a K-automorphism acting on
Ž .K x , . . . , x , y , . . . , y defined by1 n 1 m
s x [ ax q b r cx q d , s y [ a9y q b9 r cX y q d9 ,Ž . Ž . Ž . Ž . Ž . Ž .i i i i i j j
for 1 F i F n, 1 F j F m, and for some a, b, c, d, a9, b9, c9, d9 g K with
Ž .²s :ad y bc / 0, a9d9 y b9c9 / 0. Then K x , . . . , x , y , . . . , y is rational1 n 1 n
o¤er K.
w xProof. Apply AHK, Theorem 4.1 and Theorem 4.3.
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